AN EXAMPLE OF WEAKLY AMENABLE AND CHARACTER 

AMENABLE OPERATOR 



LUO YI SHI, YU JING WU, AND YOU QING JI 



Abstract. A complete characterization of Hilbert space operators that generate weakly 
amenable algebras remains open, even in the case of compact operator. Farenick, Forrest 
and Marcoux proposed the question that if T is a compact weakly amenable operator on 
a Hilbert space Sj, then is T similar to a normal operator? In this paper we demonstrate 
an example of compact triangular operator on infinite-dimension Hilbert space which is a 
weakly amenable and character amenable operator but is not similar to a normal operator. 



1. Introduction 

Let 21 be a Banach algebra, and let X be a Banach 2l-bimodule. A derivation D : 21 — > X 
is a continuous linear map such that D(ab) = a - D(b) + D(a) ■ b, for all a, b G 21. A derivation 
D : 21 — » X is said to be inner if there exists x G X such that D(a) = a-x — x-a for all a G 21. 
A Banach 2l-bimodule X is said to be commutative if a ■ x = x ■ a for each a G 21, x G X. For 
any Banach 2l-bimodule X, its dual X* is naturally equipped with a Banach 2l-bimodule 
structure via [a ■ f)(x) = f(x ■ a), [f ■ a](x) = f(a ■ x), a G 21, x G X, f G X*. 

We can now give the definition of amenability, weak amenability and character amenability 
for Banach algebra: 

Definition 1.1. A Banach algebra 21 is amenable if , for each Banach 2l-bimodules X, every 
derivation D : 21 — > X* is inner. 

Definition 1.2. A commutative Banach algebra 21 is weakly amenable if , for each commu- 
tative Banach 2l-bimodules X, every derivation D : 21 — > X is inner. 

Let 21 be a Banach algebra and <r(2l) the spectrum of 21, that is, the set of all non-zero 
multiplicative linear functionals on 21. If <p G cr (21) U {0} and if X is a Banach space, then X 
can be viewed as left or right Banach 21- module by the following actions. For a G 21, x G X: 

a ■ x = <p(a)x, (2.1) 

x ■ a = ip(a)x. (2-2) 
If the left action of 21 on X is given by (2.1), then it is easily verified that the right action 
of 21 on the dual 2l-module X* is given by / • a — <f(a)f, for all / G X* , a G 21. Throughout, 
by ((p , QL) -bimodule X, we mean that A" is a Banach 2l-bimodule for which the left module 
action is given by (2.1). (21, ip)-bimodule is defined similarly by (2.2). Let cp G cr(2l) U {0}, a 
Banach algebra 21 is said to be left tp amenable, if every derivation D from 21 into the dual 
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A-bimodule X* is inner for all (ip, v4)-bimodules X; 21 is said to be right (p amenable, if every 
derivation D from 2t into the dual A-bimodule X* is inner for all (A, </?)-bimodules X. 21 is 
said to be left character amenable, if it is left tp amenable for all p G cr(2t) U {0}; 21 is said 
to be right character amenable, if it is right ip amenable for all tp G cr (21) U {0}. 

Definition 1.3. A Banach algebra 21 is said to be character amenable, if it is both left 
character amenable and right character amenable. 

The concept of amenable Banach algebras was first introduced by B. E. Johnson in [7J. 
Weak amenability was first defined by Bade, Curtis and Dales in [HE]- Character amenability 
was first defined by Sangani-Monfared [5]. Ever since its introduction, the concepts of 
amenability, weak amenability and character amenability have played an important role in 
research in Banach algebras, operator algebras and harmonic analysis. We only would like 
to mention the following deep results due to Willis [9] and Farenick, Forrest and Marcoux 

Given a complex separable infinite-dimensional Hilbert space Sj, we write 5B (Sj) for the 
bounded linear operators on 9). If T G 58 (ij), denote the norm-closure of span{T fc : k G N} 
by 21tj where N is the set of natural numbers. T is said to be amenable (weakly amenable or 
character amenable) if 21t is amenable (respectively, weakly amenable, character amenable). 

In [9], Willis showed that: 

Theorem 1.4. Suppose T is a compact amenable operator, then T is similar to a normal 
operator. 

In [I], [5] Farenick, Forrest and Marcoux showed that: 

Theorem 1.5. Suppose T is a triangular operator with respect to an orthonormal basis of 
9), then T is amenable if and only if T is similar to a normal operator whose spectrum has 
connected complement and empty interior. 

A complete characterisation of Hilbert space operators that generate weakly amenable 
algebras remains open, even in the case of compact operator. In [I], [5] Farenick, Forrest 
and Marcoux proposed the following question: 

Question 1.6. If T is a compact weakly amenable operator on $j, then is T similar to a 
normal operator? 

It is well known that if Sj is a finite-dimensional Hilbert space, then T G 58(i5) is amenable, 
weakly amenable or character amenable if and only if T is similar to a normal operator. The 
purpose of this paper is to demonstrate an example of compact triangular operator on an 
infinite-dimensional Hilbert space which is weakly amenable and character amenable but is 
not similar to a normal operator. 

2. Compact triangular weakly amenable operator 

Suppose a is a compact Hausdorff space, Let C(a) denote the Banach algebra of all 
continuous functions on a with the supremum norm ||/||oo = sup^.^ |/(x)|. Throughout this 
paper we let cr = {0, Ai, A 2 , • • • }, where {A n }^ 1 is a sequence of positive real numbers which 
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converge to zero. Let 



N 

where A^ is a normal operator with spectrum a, then T is an operator on an infinite- 
dimensional Hilbert space. In this section, we obtain that T is weakly amenable, but is 
not similar to a normal operator. Especially, if let 



N 



A 2 

A 3 



then T is a compact triangular operator. 
The following lemma is easily verified: 

Lemma 2.1. Suppose 21 is a commutative Banach algebra which is generated by the idem- 
potent elements in 21, then 21 is weak amenable. 

Proof. Let V denote the sets of the idempotent elements in 21. Assume X commutative 
Banach 2l-bimodules, and D : 21 — > X is a derivation. For any p G V, D(p) = D(p 2 ) = D(p 3 ) 
and D{p 2 ) = 2pD(p), D(p 3 ) = 3p 2 D(p), so D(p) = 0. Since p G V is arbitrary and 21 is 
generated by V, it follows that D(a) = for all a G 21. That is to say, 21 is weak amenable. □ 



T — I ^ ^ 2 ) is weakly amenable but is not similar to a normal operator. 



Our main result in this section will be that for any normal operator A" with spectrum a, 
Aft 
N 

Theorem 2.2. Let T — ( ^ N J I , where N is a normal operator with spectrum a, then 



T is weakly amenable. 



N 



Step 1. 2l T = {( ° n Jif} n I ; / G C(<r),/(0) = 0} = M, where f(N) denotes the 



Proof. By Lemma [2.11 it suffices to show that 2ty is generated by the idempotent elements 
in it. 

N?f(N) 
functional calculus for A" respective to /. 

Indeed, for any polynomial p(z) = Y>1 =1 akZ k = zT^Z^ak+iz k = zq(z), p(T) has the form 

N^q(N) 
p(N) 

For any A — ^ ^ J G 21t, there exists a sequence of polynomials {p n },Pn(fy = for 

all n such that ||p„(T) - A\\ ->• 0. i.e. ||p„(iV) - A 22 || -» and \\N*q n (N) - A 12 \\ -> 0. 
Therefore, there exists a function <? on cr, such that ||<Z2g n — and ||p n — <z 5 #||oo — ► 0. 

It follows that ^ = ( [J N^g(N) ) ' and 9 G C'O 7 )'^ ) = °" That is to say ' ^ T - M - 

For any / G C(<r),/(0) = 0, there exists a sequence of polynomials {p n ,p n (0) = 0} such 
that \\p n — /| |oo — > 0. Let p„ = zg n , for any n there exists a polynomial r n ,r n (0) = such 
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that ||r n -05g n || oo < I. Therefore, | \z^r n - f\ ^ < ||z3(r n -z3g n )|| 0O + 1^-/11^ -> 0, and 

||zr„ - ^/lloo -> 0. It follows that Tr n {T) -> ^ jj N^f(N) ) ' That iS t0 S&y ' M ~ 
Step 2. 21t is generated by the idempotent elements in it. 
It is verity that for any A n let 



h 



L_ y — \ 
■\ — * 'Vij 

An 



it V 



0, A n , 



then ^ ^ iyl/i (j\T) ^ ^ an idempotent element in Six, and 21t is generated by idempotent 

elements { | „ „ T i™/ , llwi- The proof is completed. □ 
V. N2h n (N) J Jn - 1 

Finally, we will obtain that T is not similar to a normal operator. Indeed, Suppose T 
is similar to a normal operator, by the proof of [6] Theorem 2.1 and [4] Theorem 2.7, T is 
amenable and there exists an bounded operator B such that 

/ B \ f N*\( I -B\ ( 
I J \0 N J \ I J \0 N 

Therefore, there exists an bounded operator B such that BN = N't, which is impossible. 
Hence, T is not similar to a normal operator. 

Remark 2.3. Theorem 12.21 shows that there exists a compact triangular operator with infinite 
spectrum which is a weakly amenable operator but is not similar to a normal operator. 
However, we do not know if a compact quasinilpotent operator can be weakly amenable. 
It would be very interesting to know whether this result is true. Indeed, if any compact 
quasinilpotent operator can not be weakly amenable, then it is easy to get that a compact 
operator T with finite spectrum is weakly amenable if and only if T is similar to a normal 
operator. 



3. Compact triangular character amenable operator 

Let Q be the Volterra operator on infinite-dimension Hilbert space, then by [S] Corol- 
lary 2.7 and [2] Corollary 5.11, Q is a compact quasinilpotent operator which is character 
amenable. However, the lattice of invariant subspaces of Q is a continuous nest. i.e. Q is 

not a triangular operator. In this section, we will prove that T = ( ^ ^ j is a charac- 
ter amenable operator, for any normal operator N with spectrum a. Hence, there exists a 
compact triangular operator which is a character amenable operator but is not similar to a 
normal operator. 

In [5] , Sangani-Monfared obtained a necessary and sufficient condition for a Banach algebra 
to be character amenable: 

Lemma 3.1. A Banach algebra 21 is character amenable if and only if kercfi has a bounded 
approximate identity for every </> G cr(2l) U {0}. 
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Using Lemma 13. 1[ we will prove T is a character amenable operator: 



Ni 

Theorem 3.2. Let T — ( ^ z ) , i/ien T is character amenable. 



fn(z) 



Proof. By Lemma [3. 1[ it suffices to show that %t and %l\ n i-T have a bounded approximate 
identity for all n. 

It is verity that 21^ has a bounded approximate identity, hence we only to need prove that 
21a„/-t has a bounded approximate identity for any n. 

For some fix n, assume that /„ is a smooth function defined on [A n — Ai, A n ] and satisfies 
that 

'o z = 0; 

1, z g [A n — Ai, A n — A n _i] U [A n — A n +i, A n ] 

There exists a sequence of polynomials {p k ,p k (0) = 0} such that p k and p' k (the derivative of 
Pk ) converge to /„ and f n uniformly on [A n — Ai, A n ], respectively . Since X n I — N is a normal 
operator with spectrum a(X n I — N) = {X n , A n — Ai, X n — A 2 , ■ • • }, it follows that f n (X n I — N) 
is an identity of % Xn i-N and f n (X n I) = XJ. Hence ||(A n J-7V> fc (A n I-A0-(A n J-iV)|| ^0 
and \ \pk(X n I) — 1\ \ — > 0, when k — > oo. 
Note that if T has the form 

N 3 

with {Ni} a collection of commuting operators, then 



T 



rpk 



A k N 2 



iV 3 fc 



where - = (JVi - iV 3 )A fe for all jfc e N. 
It is easy to check that 



{XJ-T)p k {X n I-T) 



X n p k {X n I) -q k {N)N2 

(X n I - N) Pk (X n I - N) 



where {qk} is a sequence of polynomials which satisfy the equation X n pk(X n ) — (X n — z)pk(X n — 
z) = zq k (z). Note that q k {z) - p k (X n - z) = WAn)-WA„- 2 ) = Xn p' k (^ z ) for some 
ik,n,z £ [A n — Ai, A n ] and for all z G a. Hence {q k } is bounded on a. 

Since ||JVg fc (JV) - JV|| = ||A n p fc (A n J) - {XJ - N)p k {XJ - N) - N\ \ -»> 0, it follows that 
{^(-/V)} is a bounded approximate identity for 2ljv- Hence 1 1 A r ag fc (A ? ") — iVa|| — >■ 0. Therefore 
{Pfc(A n i — T)} is a bounded approximate identity for 21a„/_t- D 

Remark 3.3. Theorem 13.21 shows that there exists a compact triangular operator with infinite 
spectrum which is a character amenable operator but is not similar to a normal operator. 
Moreover, by Lemma [3TT1 we can describe character amenable operator with finite spectrum: 
If T G 5B(i?) with finite spectrum a(T) = {5\, 82, ■ • ■ S n }, then T is similar to 

fSJ + Qx \ 
S 2 I + Q 2 

V 5 n I + Q n J 



where Qk is a quasinilpotent operator for 1 < k < n. By Lemma [37T| T is character amenable 
if and only if 2t.Q fc has a bounded approximate identity for 1 < k < n. 
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